Let φ(z) = (φ 1 (z), · · · , φ n (z)) be a holomorphic self-map of B and ψ(z) a holomorphic function on B, where B is the unit ball of C n . Let 0 < p, s < +∞, −n − 1 < q < +∞, q + s > −1 and α ≥ 0, this paper gives some necessary and sufficient conditions for the weighted composition operator W ψ,φ induced by φ and ψ to be bounded and compact between the space F (p, q, s) and α-Bloch space β α .
Introduction
Let dv be the Lebesegue measure on the unit ball B of C n normalized so that v(B) = 1, and dσ be the normalized rotation invariant measure on the boundary ∂B of B so that σ(∂B) = 1. H(B) is the class of all holomorphic functions on B.
For a ∈ B, let g(z, a) = log |ϕ a (z)| −1 be the Green's function on B with logarithmic singularity at a, where ϕ a is the Möbius transformation of B with ϕ a (0) = a, ϕ a (a) = 0, ϕ a = ϕ −1 a .
Let 0 < p, s < +∞, −n − 1 < q < +∞ and q + s > −1. We say f ∈ F (p, q, s) provided that f ∈ H(B) and 
where
F (p, q, s) is a Banach space and it can be many function spaces if we take some specific parameters of p, q, and s. For example, Bloch type spaces, Q s spaces, Bergman space and Besove space etc.
For α ≥ 0, f is said to be in the Bloch space β α provided that f ∈ H(B) and
As we all know, β α is a Banach space. The spaces β 1 and β α (0 < α < 1) are just the Bloch space and the Lipschitz spaces L 1−α respectively. From [16] we know that a holomorphic function f ∈ β α if and only if sup z∈B (1 − |z| 2 ) α |Rf (z)| < +∞, where
Furthermore, by the Norm Equivalent Theorem we have f β α ≈ |f (0)| + sup
where M ≈ N means the two quantities M and N are comparable, that is there exist two positive constants C 1 and C 2 such that
Let φ(z) = (φ 1 (z), · · · , φ n (z)) be a holomorphic self-map of B and ψ(z) a holomorphic function on B, the composition operator C φ induced by φ is defined by
for z in B and f ∈ H(B). And the weighted composition operator W ψ,φ induced by φ and ψ is defined by (W ψ,φ f )(z) = ψ(z)f (φ(z)) for z ∈ B and f ∈ H(B). If let ψ ≡ 1, then W ψ,φ = C φ , so we can regard weighted composition operator as a generalization of a composition operator.
In the recent years, there have been many papers focused on studying the composition operator in function spaces (say, for 1-dimensional case see [3] [4] [5] [6] [7] , for n-dimensional case see [8] [9] [10] [11] ). More recently, Contreras and Hernandez-Diaz in [6] and Montes-Rodriguez in [7] discuss the weighted composition operators on weighted banach spaces of analytic functions (for 1-dimensional case), respectively. From those, they get some sufficient and necessary conditions for composition operator to be bounded and compact.
In this paper, we discuss the boundedness and compactness of the weighted composition operators from F (p, q, s) to α-Bloch space β α .
As far as the boundedness of W ψ,φ is concerned, we can have the following result:
and ψ a holomorphic function on B. Then the weighted composition operator W ψ,φ : F (p, q, s) → β α is bounded if and only if
and
where J φ is the Jabocian of φ, and
On the other hand, the compactness of W ψ,φ is much more complicated than the case of boundedness. The result varies sharply by the choosen of the real numbers p and q.
Theorem 2. For 0 < p, s < +∞, −n − 1 < q < +∞, q + s > −1, and α ≥ 0, φ be a holomorphic self-map of B, ψ a holomorphic function on B. If q+n+1 p ∈ (0, 1), then W ψ,φ : F (p, q, s) → β α is compact if and only if W ψ,φ is bounded and 
when φ(ω) → ∂B.
Latter, in Lemma 2.1 and Lemma 2.5, we will show that F (p, q, s) is just β n+1+q p if s > n, therefore by the theorems above, we get Corollary 1. Let φ = (φ 1 , · · · , φ n ) be a holomorphic self-map of B and ψ a holomorphic function of B, p > 0, q > 0, then W ψ,φ : β p → β q is bounded if and only if
Corollary 2. Letφ = (φ 1 , · · · , φ n ) be a holomorphic self-map of B and ψ(z) a holomorphic function of B, 0 < p < 1, q > 0, then W ψ,φ : β p → β q is compact if and only if W ψ,φ is bounded and
when φ(ω) → ∂B. 
Some Lemmas
In the following, we will use the symbol c to denote a finite positive number which does not depend on variables z, a, ω and may depend on some norms and parameters p, q, n, α, x, f etc, not necessarily the same at each occurrence.
In order to prove the main result, we will give some Lemmas first.
From (5) in [17] , we have
as z ∈ ϕ a (r 0 B). Thus
From (16) and (17), we get
This shows that f ∈ β n+1+q p and f
Lemma 2.2 Let p > 0, then there is a constant c > 0, for ∀f ∈ β p and ∀z ∈ B, the estimate
holds, where the function G α has been defined at (7).
and when p > 1
Lemma 2.3 Let φ be a holomorphic self-map of B and ψ a holomorphic function on B, K is an arbitrary point set. Then W ψ,φ : F (p, q, s) → β α is compact if and only if for any uniformly bounded sequence {f j,u }(j ∈ N, u ∈ K) in F (p, q, s) which converges to zero uniformly for u ∈ K and z on compact subsets of B when j → ∞, W ψ,φ f j,u α → 0.
Proof Suppose that W ψ,φ is compact and {f j,u } is a uniformly bounded sequence in F (p, q, s) which converges to zero uniformly for u ∈ K and z on compact subsets
} converges to 0 uniformly on M. Notice that there is a constant c > 0, such that |ψ(z)| < c, ∀z ∈ M , and that φ(M ) is compact in B, we have |ψ(z)f jm,u k (φ(z))| ≤ c|f jm,u k (φ(z))| → 0, uniformly on M . And for the arbitrariness of M , we have g ≡ 0. Since it is true for arbitrary subsequence of {f j,u },
On the other hand, fixed a point 
So g b F (p,q,s) ≤ r, and g b ∈ F (p, q, s). Hence the sequence {g jm,b − g b } is such that g jm,b − g b ≤ 2r < ∞ and converges to 0 on compact subsets of B, by the hypothesis of this lemma, we have that
compact, finishing the proof.
Proof By Bergman metric in [1] , there are constants A 1 > 0 and A 2 > 0, such that
This proof is completed.
Lemma 2.5 For 0 < p, s < +∞, −n − 1 < q < +∞, q + s > −1, there exists c > 0 such that
for every ω ∈ B . Furthermore when p + s > n, then the inequility
holds.
Proof
It's easy to verify that if 0 < x < 1 2 , then − log(1 − x) < 4x. If we let
where the last inequality follows by theorem 1.4.10 in [16] and the fact that
And if s ≤ n , we choose constants x, x ′ , λ satisfying max{1, n q + n + 1 } < x < n n − s (when s=n, just consider x such that x > max{1, n q+n+1 }), and let
At the same time
.
Combine (22), (23),and (24), we have
We can use the same method to prove that (21) holds, we omit the proof here. ♯ Remark: we can also prove that when s > n, then β α ⊂ F (p, q, s), if we use the same method used in (22) and (24). Therefore, combine lemma 2.1, we conclude that
and every u ∈ C n − {0}, there is a function f ω,u ∈ F (p, q, s) such that i) ∃c > 0, independent of ω and u, s.t.
ii) {f ω,u } converges to zero uniformly for u ∈ C n − {0} and z on compact subsets of B, when φ(ω) → ∂B.
iii) There is a constant c > 0, for ∀ω and u
holds Proof First we suppose φ(ω) = r ω e 1 , where r ω = |φ(ω)|, e 1 is the vector
Then
By Lemma 2.5, f ω,u ∈ F (p, q, s), and exists c > 0 independent of ω and u, s.t.
On the other hand, by (2), (21) and (27), notice that < φ(ω), J φ (ω)u >= r ω e 1 J φ (ω)u, and use lemma 2.4,
then
(a 2 z 2 + · · · + a n z n ) and
(30) so, by lemma 2.5, we know that f ω,u ∈ F (p, q, s), and f ω,u satisfies (i). Next we will extimate W ψ,φ f ω,u α .
Since |φ(ω)| > 2/3 and
By our discussion above, for every ω ∈ B satisfies |φ(ω)| > 2/3 and u ∈ C n − {0}, there is a f ω,u ∈ F (p, q, s) satisfies i) and iii). And that f ω,u has the property ii) is clearly, since it is very easy to verify that for every ω and u
In general situation, or if φ(ω) = |φ(ω)|e 1 , we use the unitary transformation U ω to make φ(ω) = r ω e 1 U ω , where
In fact, by
where the last equation we use the linear coordinate translation z = zU −1 ω and the fact that g s (z, a) is invariant under möbious translation. So, f ω,u F (p,q,s) = g ω,u F (p,q,s) .
Then we can prove the same result by the same way, so we omit the details. ♯ Lemma 2.7 Let 0 ≤ p < 1, then for every f ∈ β p and ∀z, w ∈ B,
especially when 0 < n+1+q p < 1, there is a constant c > 0 such that
Since f ∈ β p , it's easy to show that
Note that if two numbers a, b, satisfy |a + b| < 1, |a| < 1 and |b| < 1, then |a + b| + |a| + |b| < 2 and so 1 − |a + b| > |(1 − |a| − |b|)|. Therefore
Combine (34), we have
Therefore for all z, w ∈ B,
The second result of this lemma follows quickly by lemma 2.1.♯
One the other hand, suppose W ψ,φ is bounded, with
for all f ∈ F (p, q, s). It's very easy to show that the functions f l (z) = z l , l = 1, · · · , n and f (z) = 1 are in F (p, q, s). Therefore, W ψ,φ f l and W ψ,φ f must in β α too, in an other word, ψφ l , l = 1, · · · , n and ψ lies in β α .
where the last inequality follows by the fact that ψ · φ l , (l = 1, · · · , n) and ψ(z) lies in β α .
If |φ(ω)| 2 > 2/3, then by lemma 2.6, for every ω ∈ B satisfies |φ(ω)| 2 > 2/3 and every u ∈ C n − {0}, exists a function f ω,u ∈ F (p, q, s) such that f ω,u F (p,q,s) < c, and
By (37) and (38), we know that (5) holds.
2) If 0 < n+1+q p < 1, it's obviously that (6) holds, since ψ lies in β α . By the previous discussion, we can suppose that φ(ω) = r ω e 1 .
If n+1+q p > 1, take
so, by lemma 2.5, f ω ∈ F (p, q, s), and
so, by lemma2.5, f ω ∈ F (p, q, s), and there is a constant c, s.t.
for every ω ∈ B and k ∈ N. By the same calculation as (39)
take k → ∞, we get
notice that ψ ∈ β α , so we have
Now the proof of Theorem 1 is completed.
the Proof of Theorem 2
If W ψ,φ is bounded and (8) holds. f j is a sequence in F (p, q, s) which converges to zero uniformly on compact subsets of B and f j F (p,q,s) ≤ 1 for every j ∈ N. ∀ε > 0, suppose
, there is a k 0 ∈ N, for k > k 0 , and ∀w ∈ B 1−δ = {z : |z| ≤ 1 − δ} have
One the other hand, by lemma 2.7, if |z − w| < 2δ and 1 − |w| < δ
holds for every k ∈ N. For every w ∈ B \ B 1−δ or in a other word, 1 − δ < |w| < 1, we can always find a point z w ∈ B 1−δ s.t. |z − w| < 2δ, then if k > k 0
Then, ∀ε > 0, there is a k 0 > 0, s.t. for all z ∈ B and k > k 0 , |f k (z)| < ε holds. So, the sequence {f j } converges to zero uniformly on B.
Since (8) holds, therefore, there is a δ > 0, such
So, when 1 − |φ(ω)| > δ, 
When |φ(ω)| ≤ δ, let E = {ω : |ω ≤ δ|}, then E is compact and {ω ∈ B : φ(ω) ≤ δ} ⊂ E. Therefore 
where the last inequality follows by the fact that the sequence {∇f k } converges to zero uniformity on E.
Therefore (1 − |ω| 2 ) α |∇W ψ,φ f k (ω)| converges to zero uniformly on B.
Notice that {f k (0)} converges to zero, and so we have
as |φ(ω)| → 0
On the other hand, if W ψ,φ is compact, then clearly that W ψ,φ is compact and by lemma 2.5 and lemma 2.3, it is easy to know that (8) holds. And so we are done.
The proof of theorem 3
Just as the proof of theorem 2, if W ψ,φ is bounded and (9)(10) hold, f j is a sequence in F (p, q, s) which converges to zero uniformly on compact subsets of B and f j F (p,q,s) ≤ 1 for every j ∈ N, then by the same discussion as lemma 2.6, we have 
Therefore, ∀ε > 0, there is a δ > 0, for ∀j ∈ N and 1 − |φ(ω)| < δ,
follows.
And when 1 − |φ(ω)| ≤ δ, by the same discussion as the proof of Theorem 2, we know that there is a k 0 ∈ N, s.t. when j > k 0 have
Combine (45) and (46), and notice that {f k (0)} converges to zero, we have
